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Comment on ““A New Integral
Calculation of Skin Friction on a Porous
Plate”

D. A. MacDONALD*
University of Liverpool, Liverpool, England

N a recent paper' it is claimed that a refined Karman Pohl-

hausen (K.P.) method, based on a double integration, in the
direction normal to the external mainstream, of the incompres-
sible, zero pressure gradient boundary-layer equation
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leads to accurate and reliable results for the problem of deter-
mining the skin friction on a porous plate. The purpose of this
Comment is to indicate that the method used is not new, but
that it is a standard variation of the K.P. method and indeed is a
variation which has already been explored.?

From the incompressible boundary-layer equation an ordinary
differential equation for the boundary layer thickness §(x) may
be obtained by multiplying by y™u", where m and n are integers,
and integrating the resulting equation with respect to y from 0
to 8. By substituting a velocity profile which is defined in terms
.of 6 an ordinary differential equation with & as dependent
variable can be obtained. If the assumed velocity profile contains
k unknown functions then k equations can be obtained by taking
k possible combinations of m and n. The combinationm = n = 0
has special physical significance and the K.P. ordinary differential
equation can in fact be derived without reference to the boundary-
layer equation itself.> A comprehensive account of the develop-
ment of the subject may be found in Ref. 2; the concensus of
opinion, evolved with experience over the years, is that such
methods will in general prove reliable for flows in which the
pressure gradient is favorable but will be unreliable for flows with
adverse pressure gradient. More sophisticated integral techniques
do not suffer from this disadvantage.*

If Eq. (1) be multiplied by y, if the resulting equation be inte-
grated over the boundary layer, and if v be eliminated by means
of the equation

Y Ou
o(x, y) = v,(x) = J ™ dy
0 X

then we obtain, after simple integration by parts, the equation
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This is the equation to which Eq. (2) of Ref. reduces if the first
term of that equation is integrated by parts.

To see why the author’s results are superior to the standard
K_P. results we need only look at the form of Eq. (1) at the wall, i.e.

v, =V
ay y=0 ayZ y=0
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Table 1 Comparison of skin-friction results for various K.P. formula-
tions (case of zero mass transfer)

1o [tox\!?
m n S -%(L> Ref.
puz \ v
0 0 n 0.289 3
0 1 n 0.250° 1
0 0 2p - 20 +n* 0.343 3
0 I 2 = 2% + 0.350° 1
o N 1 — (1 = n)L + in) 0.3314 5
Exact solution 0.3321

“ As calculated from 1, =(4/8)u, f'(0).

Here, a significant error is introduced into the K.P. solution since
Eq. (2) is not satisfied by either of the profiles for u/u, selected in
Ref 1. If, on the other hand, the boundary-layer equation be
multiplied by y prior to integration over the boundary layer, the
error introduced near the wall will be diminished since the
equation is now satisfied at the wall.

Table 1, compares, for the case of zero mass transfer, the
results for 7y, the wall shear stress, obtained with various
profiles f{n) and for various combinations of m and n.
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Reply by Author to D. A. MacDonald

Tse-Fou Zien*
Naval Ordnance Laboratory, Silver Spring, Md.

HE statement by MacDonald that the method used in
Ref. 1 is not new and it is one of the previously explored
variations of the K-P method is both inaccurate and misleading.
The earlier brief reply to Granville by the author? and a sub-
sequent paper® by the author together with a careful digest of
Ref. 1 actually suffice to clarify the issue. However, for the
benefit of other casual readers, it is feit that the following remarks
are perhaps worthwhile.
First of all, this author apparently has failed to make clear the
central idea of the present method and has thus regrettably
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Fig. 1 Skin friction on a porous plate with similarity blowing; f; ana
f, are polynomial profiles of 2nd and 4th degrees, respectively, satisfying
the compatibility condition (see Zien®).

misled MacDonald. This fact is evidenced by the footnote of
MacDonald’s Table 1, which states clearly that those skin-
friction results in the Table, incorrectly quoted as those of
Ref. 1t, are obtained by taking the local slope of the assumed
velocity profile at the wall. These improper results are apparently
based solely on the single equation, ie., the double-integration
equation. It is emphasized here that Volkov’s original method.*
of which Ref. 1 is a direct generalization to allow for surface
mass transfer, is to calculate the skin friction by considering the
momentum balance across the entire boundary layer, ie., Eq. (3)
of Ref. 1, instead of taking the local slope of the assumed profile
at the wall. Of course, the two methods of calculation would lead
to the same exact answer if the exact profile were used. It is in
this respect that the present method differs from other methods
which also exploit the idea of the double integration. The present
method is basically. a one-parameter type of integral method.
However, use is made of two equations, ie., Egs. (2) and (3) of
Ref. 1, generated by using both the first and the second integration
of the original (differential) momentum equation. Only one
ordinary differential equation results from this approach, ie.,
Eq. (2), which determines ; C; then follows immediately from
an algebraic equation, Eq. (3). In addition to the standard text
books cited by the commentator, the survey paper by Libby et al.”
is particularly pertinent to the present discussion. The alternate
derivation of the double-integration equation given in the
Comment is also indicated in this paper.

Secondly, MacDonald’s assertion that the improvement of
skin-friction calculation due to the present refinement is con-
nected with the satisfaction of the compatibility condition in
some modified fashion is of questionable validity. The informa-
tion contained in Ref. 3, which was also mentioned in a footnote
of Ref. 1, indicates plainly that, with the same profiles all satis-
fying the compatibility condition, the original K-P method still
yields results of much poorer quality than the present method.
Some typical results are shown in Fig. 1 here which is taken from
Zien.® The reliability as well as the accuracy of the present method
is thus further demonstrated. Mathematically speaking, the
imposition of the compatibility condition as a boundary condi-
tion to the original boundary-layer equations is -obviously
unsound. As a matter of fact, previous investigators of integral
methods, notably Tani,” have shown that the abandonment of
such a condition in choosing a profile could sometimes lead to
better results.

Thirdly, in regard to the question of the reliability of the
present method in treating flows with adverse pressure gradients,

1 The numbers, if properly obtained through the present method,
should be 0.333 and 0.336 for f = n and f = 2y — 21> + #*, respective-
ly, see Volkov* or Zien.! Note also that apparently the numbers of
m and n associated with “Ref. 1” in the Table are, by mistake, inter-
changed.
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the results reported in Ref. 3 should provide a plausible, if not
conclusive, answer.

In conclusion, it is the author’s opinion that Volkov’s proce-
dure combines simplicity and accuracy to an unusual degree,
and therefore is worthy of further exploration and extension.
1t is regretted that MacDonald’s comment evidently results from
a combination of misinterpretations and misquotations of
Volkov’s* and the author’s' work.
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Comment on “Calculation of
Three-Dimensional Laminar
Boundary-Layer Flows”

KENNETH K. WANG*

McDonnell Douglas Astronautics Company, Huntington
Beach, Calif.

N their recent paper,’ Fillo and Burbank presented results of
computation of three-dimensional, laminar boundary layer for
flow past a flat plate with attached cylinder. Comparisons were
made between results of exact calculation and that based on the
approximating scheme introduced by Wang.? It was concluded
that good agreement exists in shear stresses and in the prediction
of flow reversal for certain regions. However, the approximation
as applied failed to predict the flow reversal for flows at a distance
of 7.32 cm or greater from the line of symmetry.
It may be pointed out here that Wang’s approximating scheme
will yield better predictions if a streamline coordinate system
(based on the inviscid streamline at the edge of the boundary
layer) is used instead of Cartesian coordinates. As discussed in
their paper, the term wu ,+is important to the flow reversal.
Its value, however, differs considerably depending on which
coordinate system is used. In Fig. 1, velocities and their com-
ponents in both Cartesian and streamline coordinates (denoted
oy subscript s) are shown. Clearly, 1, ~ u,w, =0 for the
uviscid flow and u ; ~ u, w, <'w inside the boundary layer.
One can expect, then, that the term (w u.), will also be much
smaller than wy,.
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